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Abstract. Let (N,7) be a class-^ nilpotent Lie group of dimension 
n; i.e. N is a simply connected nilpotent Lie group and 7 is an in- 
variant geometric structure on N (as it is defined by Lauret in [Laull 
Definition 2.1]). Let (•,•) be a compatible metric with (N,7) and G^, = 
'K-i ey.]y{a~j)K.-y be the reductive Lie group given by the automorphism 
group of 7; (■,■) can be thought of as the canonical inner product of 
R" and so G-^ is compatible with the usual Cartan decomposition of 
GL„(R): < 0(n) and < with a = {Diag(a;i, . . . ,Xn) : at e R}. We 
call a orthonormal basis {ei, . . . , e„} of (n := Lie(N), {■, ■)) 7-mce basis if 
all metrics of the form «■(■,■) := {a^^-,a^^-} with a e exp(a-y) have diago- 
nal invariant Ricci operator with respect to the basis {a ■ ei, . . . , a ■ e„}, 
i.e. Ric^ I , £ a-,. 

Using our generalization of Nikolayevsky's nice basis criterium to 
rational real reductive representations (see [Fer2l Theorem 3.14]), in this 
notes we give the corresponding criterion to know when a pair (N,7) 
admitting a 7-nice basis has a minimal compatible metric. 

As an application, we give a complete classification of minimal com- 
patible metrics with abelian complex structures and symplectic two-step 
nilpotent Lie algebras in dimension 6. Many illustrative examples are 
carefully developed. 



1. Introduction 

In [Laulj ■ Jorge Lauret noted that there is a close relationship between 
the geometry of nilpotent Lie groups and Real geometric invariant theory 
(Real GIT) applied to actions of reductive subgroups of GLm(K) on the 
vector space A^(M™')* (SM*". For instance, the recent advances in the study 
of Einstein solvmanifolds and, more generally, Solvsolitons, have come from 
using powerful tools that are given by GIT (see |Lau21 [Nik2| ) and Michael 
Jablonski has proved new results in GIT and Real GIT to be applied in the 
study of solvsolitons (see [Jablj IJab2j ) . 
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By using this fact, it has been proposed in |Laul] a way to study the 
problem of finding "the best metric" which is compatible with a fixed geo- 
metric structure 7 on a simply connected nilpotent Lie group. In this ap- 
proach, it is defined the notion of minimal compatible metric with a invari- 
ant geometric structure as a compatible left invariant metric that minimizes 
the norm of the invariant Ricci tensor among all left invariant compati- 
ble metrics with the same scalar curvature. 

The properties that make a minimal metric "special" are given in [Laul] 
by using strong results from GIT; a minimal metric is unique (up to isometry 
and scaling) when it exists and it can be characterized as a soliton solution 
of the invariant Ricci flow (see ll.au 1 1 Theorem 4.4]). 

From |LauH Proposition 4.2 and Theorem 4.4], the existence problem of 
minimal metrics lead us to study distinguished orbits of the natural action 
of Gy on V := A^(M")* R"; i.e. we must determine when a orbit of the 
action contains a critical point of the norm-square of the moment map m^^ 
associated to the action. In general, it is hard to know when a orbit is 
distinguished, but such problem is very important in GIT; for instance, 
closed orbits can be characterized as orbits containing a zero of the moment 
map. 

In |Fer2j . by using convexity properties of the moment map and recent 
results of Jablonski in |Jabl| , we gave a useful criterion to know when a nice 
element has a distinguished orbit. Such result can be considered as a gener- 
alization of Nikolayevsky's nice basis criterium (see |Nik2l Theorem 3]) and 
our aim in this notes is to give the corresponding criterion to study minimal 
metrics. To this end, we introduce the notion of 7- nice basis (Definition 13. ip 
and we show that a pair (n, 7) admitting a 7-nice basis has a minimal metric 
if and only if certain lineal equation has a positive solution (Theorem 13. 5p . 

By a simple inspection, it is easy to see that abelian complex structures 
on 6-dimensional nilpotent Lie algebras admit a nice basis for such structure 
and which permits to study the existence of minimal metrics with our results. 
The same thing happens in the case of symplectic two-step nilpotent Lie 
algebras, where we also give a complete classification of minimal metrics. 
In both cases, many examples are given and the respective classification are 
obtained by proceeding in an entirely analogous way. 

2. Preliminaries 

Let (N,7) be a class 7-nilpotent Lie group: N is a simply connected 
nilpotent Lie group and 7 is an invariant geometric structure on N (see 
[Lault Definition 2.1]). We identify n with and so the structure of Lie 
algebra on n is given by a element /i e A^(M")* ® M"; n = (M",/i) and the 
geometric structure 7 is given by left translation of a tensor on M" which 
we denote also by 7. In the same way, any left invariant compatible metric 
with (N,7) is defined by a inner product (•,•) on U."'. 
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By definition, there is no loss of generality in assuming that the canonical 
inner product of M", (■, ■), also defines a compatible metric with (N,7). Since 
the reductive group 

{geGL„(M):g-7 = 7} 
is self adjoint with respect to any compatible metric (it also follows easily 
from definition) , then is compatible with the usual Cartan decomposition 
of GL„(R); it is to say: G-y - K^exp(a^)K^ with a subgroup of the 
Orthogonal group 0(n) and a-y a subalgebra of the diagonal matrices a. 
For the convenience of the reader, let us repeat relevant material from 

Definition 2.1. jLaull Definition 2.2] Let (•,•) be a compatible metric with 
the class-7 nilpotent Lie group (N,7). Consider the orthogonal projection 
RicJ ^ of the Ricci operator Ric(^.^.^ on = Lie(G^) with respect to the 

inner product ((•,•)) of 0'n(l^) induced by (•,•); i-e- for any A, B in 0[^(M), 
{(yA,B)) - ti{AB^) where B^ denote the transpose of B with respect to 
(•,•). RicJ ^ is said to be invariant Ricci operator, and the corresponding 

invariant Ricci tensor is given by ric'^ = (Ric^-,-). 

Definition 2.2 (Minimal compatible metric). [Laull Definition 2.3] 
A left invariant metric (•,•) compatible with a class-7 nilpotent Lie group 
(N^,7) is called minimal if 

. .„i„{.,.(.;i.j,)^ : ':r™ } 

Now we study the natural action of GL„(R) (and G^) on V := A2(R")* 
given by the change of basis: 

g-KX,Y) = gi^{g~^X,g-^Y), X,YeR^,g€ GL„(M), ^ e V. 

The corresponding representation of 0l„(]R) on V is given by 

A ■ fi{X, Y) = Afi{X, Y) - fi{AX, Y) - fi{X, AY), A e g[„(R) ^ e V. 

Consider the usual inner product (•, •) on V which is defined by the canon- 
ical inner product of M" as follows: 

= Y^{Kei,ej),ek){X{ei,ej),ek), V/^,A e V. 

ijk 

and let ((■,■)) the canonical inner product of 0[„(M) induced by the canonical 
inner product of M" (as in the Definition 12. ip . 

We are now in a position to define the moment map of the above-mentioned 
action. This map is implicitly defined by 

(2 1) ^SU^)'-^ fl^nW 

(("T'gl„(IR)(M),^)) = 

for all A 6 0[„(M) and ii€V. 

Let Projg be denote the orthogonal projection of 0[„(]R) on with 
respect to the inner product ((•,•)), then it is easy to see that the moment 
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map for the action of on V, ?7ig^, is Projg^ °"igi„(R)- The relationship 
between minimal metrics and the moment map is given by the following 
result 

Proposition 2.3. |LauH Propositon 4.2] Let (N^,7) be a class-j nilpotent 
Lie group. Then 

(2.2) 4ffic3.<.,.> = mg[^(K)(<?-'-M), V5 6GL„(M) 

(2.3) 4i2ic^^._^ = rrig^ih'^ ■ /"), V/i e 

where RiCg.(^..'^ is the Ricci operator of the Riemannian manifold {N^,g-{-, •)) 
with respect to the orthonormal basis {g ■ ei, . . . , g ■ Cn} and RicJ^ ^ ^ is the 

invariant Ricci operator of (N^,7, /i ■ (■,■)) with respect to the orthonormal 
basis {h ■ ei, . . . ,h ■ e„}. 

Hence, the problem of finding a minimal compatible metric with (N^,7) 
is equivalent to find a minimum value of along the G^-orbit of /i (we 

recall that any compatible metric is of the form h- (■,■) with h e G^). The 
above is exactly to know if the orbit G^ • is distinguished for the action of 
G^ on V (G^ • jj contains a critical point of ||w.g^|p). 

Theorem 2.4. [LauH Proposition 4.3 and 4.4] Let (N^,7) be a class-j 
nilpotent Lie group. (N^,7) admits a minimal compatible metric if and 
only if the G^-orbit of ji is distinguished for the natural action of on V. 
Moreover, there is at most one minimal compatible metric on (N,7) up to 
isometry (and scaling). 

Remark 2.5. The last part of the above theorem follows of strong results on 
critical points of the norm-square of a moment map. In |Laull Proposition 
4.3 and 4.4] is used a result of Alina Marian ([Ml Theorem 1]) to prove such 
part. However, there is an error in the proof of Marian's Theorem 1. A 
correct proof follows from Jablonski's results in |Jab2| (see |Jab21 Theorem 
5.1]) or from [HSSl Corollary 6.12]. 

3. The criterion 

We are now in a position to introduce the main result in this notes. To 
do this, we use results proved in jFer2j . We suggest to the interested reader 
to consult the above-mentioned paper for a more detailed discussion of the 
following notions and results. 

Definition 3.1 (7-nice basis). We say that the canonical basis of M"", 
{ei, . . . , e„}, is a 7-nice basis of (M", /i,7) if for any metric of the form «■(■,■) 
with a € exp(a^) is such that Ric'^ f^ ^ e o-y where RicJ^.i^. is represented with 
respect to the orthonormal basis {o ■ ei, . . . a ■ e^} of (M'^,/i,a ■ (■, ■)). 

Remark 3.2. By Propositions 12.31 and |Fer2[ Proposition 4.8], the above 
definition is equivalent to saying that is a nice-element for the natural 
action of G^ on V ( |Fer21 Defintion 3.3]). 
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Remark 3.3. In general, it is difficult to know when a pair (N,7) admits a 
7-nice basis, even if 7 = (nilsoliton case). In |Fer2( Section 4] we study 
this problem in the general case of real reductive representations and results 
obtained can be very useful in the study of minimal metrics. 

Notation 3.4. Let (M", fi, 7) be such that {ei, . . . , e^} is a 7-nice basis. Let 
us denote by 9^7(/i) the ordered set of weights related with fi to the action of 
on V (see Notation 2.5]); i,e. if {C^j} are the structural constants 

of in the basis {ei, . . . ,6^} then 

where {Eij} is the canonical basis of 0[„(]R). 

We denote by /3j] the minimal convex combination of the convex hull of 
y{^{fjL); i.e. 0Ji is the unique vector closest to the origin in the mentioned 
hull. 

The Gram matrix of {^{^{^1), ((•, •))) will be denoted by U^; i.e. if 'iR^{fi),p 
is p-th element of ^^^(/x), then 

By using the above notation, it follows from |Fer21 Theorem 3.14] our aim 
in this notes 

Theorem 3.5. Let (R",//,7) he such that {ei,...,e„} is a j-nice basis. 
(N^,7) admits a compatible minimal metric if and only if the equation 

(3.1) U;[x,] = A[l] 

has a positive solution [xi] for some A e M. Moreover, in such case, there 
exists a e exp(O'y) such that a - {■, ■) defines a minimal compatible metric with 

Remark 3.6. The proof of Theorem [Fer2t Theorem 3.14] gives more, namely 
if (M",/i,7) admits a minimal compatible metric, then one can find a such 
metric by solving the equation 

(3.2) (a- = 
for a € exp(a7). Since, 

where [xj] is any positive solution to the Equation (j3.ip . in practice it is 
sometimes easy to solve the Equation (|3.2p . 

4. Applications 

In this section, we study minimal compatible metrics in the cases of 
abelian complex structures and symplectic structures on 6-dimensional nilpo- 
tent Lie algebras. By following classifications given in [ABDH IABD2J for 
abelian complex structures on 6-dimensional nilpotent Lie algebras and 
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[KGMj for 6-dimensional symplectic nilpotent Lie algebras, a simple in- 
spection of respective classification lists reveals that many pairs (n,7) are 
written in a 7-nice basis or that by using a suitable change of basis, these can 
be written in a nice basis. This observation is more evident in the first case, 
where any pair admits a Jen-nice basis with Jen the endomorphism defined 
by Jcn^i - 62, JcnCs = 64, Jcn^s = ^6 and jj„ = -Id. In the symplectic case, 
the same situation occurs in symplectic two-step nilpotent Lie algebras, i.e. 
we can give a Wcn-nice basis where ujcn - e\ /\ + + e\ /\ e\. 

4.1. Abelian complex structures on 6-dimensional nilpotent Lie al- 
gebras. From now on, we denote by m^y [- ARici^.^.-^) the moment map for 
the action of GLe(M) on V and, in this part, we denote by ^r^gij. the moment 
map for the action of the "hydrated" GL3(C) (= Gj^„); i.e. 

GL3(C) = {g e ■■ dJcn = JcnO). 

on V . 

Example 4.1. Consider the 6-dimensional nilpotent Lie algebra ns given 
by the direct sum of two 3-dimensional Heisenberg Lie algebra, i.e. ns := 
{[61,62] = 65, [63,64] = 60. By [ABDli Theorem 3.3 (iii)], ns admits a curve 
of non-equivalent abelian complex structures J, given by Jgei - 62, Js63 = 64, 
Js65 = S65 + 66 with s e M. In our approach, we need that the canonical inner 
product defines a compatible metric, which is similar to give a basis of n3 
where the abelian complex structure is defined by Jen- We can try with a 
change of basis of the form 

5 = Diag(l,l,l,l,( "^^'^ "^^'^ )]. 

By solving for {^5,5, ms^e, mg.s, Jn-e.e} in the equation g ■ Js ^ gJsQ^^ = Jen, 
we obtain 

{"1-5,5 = "i6,5S + "^6,6, = -"^6,5 + m^fiS, m6,5 = "16,5, "^6,6 = "^6,6} • 

If we let m6,5 = and m6,6 = 1 then 

g = Diag ^1,1, 1,1, 
defines a holomorphic isomorphism from (n3, J^) to (M^, /i^, Jen) with 

Us - {[61,62] = 65, [63,64] = S65 + 66 

and moreover, the canonical product of defines a compatible metric with 

(M", Jen)- 

In the case of complex structures, oj^^ is given by 

ciJcn = {Diag(xi,xi,X2,a;2,X3,X3) : Xi e M} 

and it is easy to see that for any s e M, {61,... ,66} is a Jen-nice basis of 
(M",;Us, Jen); i.e. Ricl^^^^y^ = i(iizCs,a.(.,.> - JenRiCs^a-{;)Jcn) ^ aj^„ for every 
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a e exp(aj^„) or equivalently mQi^{a ■ /j^s) e aj^„ (by using \Fei2\ CoroUay 
4.7], for instance). 
For all s e M, 

^Jc„(/«.) = {Diag(-l,-l,0,0,^,^),Diag(0,0,-l,-l,^,^)} 

and the Gram matrix is given by 

rr^- - i I' 5 1 
2 \ 1 5 

Since the general solution to = [1] is [xj] = ^[1,1]""", we have 

(ns, Js) admits a minimal compatible metric for any s by Theorem 13.51 To 
find a such metrics, we must solve the equation 

for a e exp(aj^„), where the vector /3^^ is given by 

(3^^ = ^(lDiag(-l,-l,0,0,^^) + ^Diag(0,0,-l,-l,^,^)) 
= ^Diag(-1, -1,-1, -1,1,1) 

Let a = exp(X) with X = Diag(0, 0, { ln(s2+l), 1 ln(s2+l), - ln(2), - ln(2)). 

The change of basis given by a = exp(X) = Diag(l, 1, (s^ + l)^, (s^ + l)4, i) 
defines 

Jls := |[ei, 62] = ies, [es, 64] = f + 1)'^ £5 + i\/ (s^ + 1)"^ ee 
Since 



1 

it follows that 



2s^+l 2s 

mg[(/i) = ^Diag( -1,-1,-1,-1,1 ^ ^ 



= iDiag(-l, -1,-1, -1,1,1) 

= -|ld + Diag(l, 1,1, 1,2,2) 
Derivation 

and thus, the canonical inner product of defines a minimal metric on 
Example 4.2. Consider the nilpotent Lie algebra 

ns - {[61,62] = 65, [61,64] = 66, [62,63] = 66 

By [ABDH Theorem 3.3 (vi)], admits only one abelian complex struc- 
ture J given by J6i = 62, J63 = -64, J65 = 66. 
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Let g - Diag(l, 1, -1, 1, 1, 1). The change of basis given by g defines a 
holomorphic isomorphism from (ns, J) to i^^ji^Jcn) with 

H := {[61,62] = 65, [61,64] = 66, [62,63] = -eg. 

As in the above example, {M^ ,n,Jcn) is written in a ?/c72~nice basis, so the 
existence of a minimal compatible metric follows from Theorem 13.51 The 
set 9^Je„(/^) is given by 

^Jc„(/") = {Diag(-l,-l,0,0,^,^),^Diag(-l, -1,-1, -1,1,1)} 



and the Gram matrix 17,,'"^ is 



JjJcr^ 1/53 



^ 2 \ 3 3 

The general solution to C/^^"[xi] = [1] is [xj] = ^[0,2]'^, thus (ns, J) does 
not admit a minimal metric, because the above equation has not any positive 
solution. 

Example 4.3. For a final example, Consider the nilpotent Lie algebra nj 
in |ABDll Theorem 3.2], which carries a curve of non-equivalent abelian 
complex structures Jt defined by Jtei - 62, ^463 = -64, Jte^ - teQ with 
0< |t| < 1. 

Choose the change of basis given hy g - Diag (l,l,l,-l,l,t), which defines 
a holomorphic isomorphism from {nj,Jt) to (MP , ^t, Jen) with 

fJ-t - [61,62] = -64, [61,63] = 65, [61,64] = -^66, [62,63] = ^66, [62,64] = 65. 

We have for any t, (ny, Jj) is written in a Jen-nice basis and 

^JcM = {Diag(-1, -1, ^, ^,0, 0), i Diag(-1, -1, -1, -1, 1, 1)}. 
Hence the Gram matrix is given by 

rJ 1/51 



U ■ 

^' 2 \ 1 3 

and the general solution to ^/^^"[xj] = [1] is \^Xi\ - |[1,2]^; (riy, Jf) admits 
a minimal metric for all t with < |t| < 1. 
The vector f3^^ is given by 

= ^Diag(-4,-4,-l,-l,2,2) 
o 

and by solving m^i^^a ■ fit) - /3^t for a e exp(aj^„), we find that 



X = -Diag[o,0,^ln6,iln6,ln[6W^j,lnj6W^ 
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gives us the change of basis 



exp(X) = Diag 1,1,— ,— ,-1 



6 ' 6 '6Vt2-fl'6Vt2 + i; 

which defines a critical point of ||w,gi(,|P in the GL„(C)-orbit of fit 

~ r 1 r 1 ^ 1*1 r 1 ^ Sgn(t) 

[It - Lei>e2j = — ^e4,Lei,e3j = — — 65, [61,64] = — - — 7==e6, 

6 6 + 1 6 + 1 

\/6 sgn(t) a/6 |t| 

62,63] = — ==66, [62,64] = -T 7==65 

6 Vt2 + 1 6 \/t2 + 1 

where sgn(t) is the sign of t (sgn(t) = 1 if t > and sgn(t) < 1 if t < 0). 
In fact, we have 

_ 1 2 
"i0[(/^) = 3°iag(-2,-2,-l,0, ^^,^^), 

thus 

= iDiag(-4,-4,-l,-l,2,2) 
= -|ld+iDiag(l, 1,2,2,3,3); 

^ V 

Derivation 

for this reason, the canonical inner product of defines a minimal com- 
patible metric on (M^, /Tj, Jc„). 

Proceeding analogously to the above example it follows that 

Theorem 4.4. [Rod! Theorem 4.4] Any 6 -dimensional abelian complex nil- 
manifold admits a minimal metric, with the only exception of (N^,J). 

Remark 4.5. The above theorem was given in [Rod] . where the minimal 
metrics are constructed by unclear methods (for instance, see ns, and 
ny). Note that, the Example 14.21 can be considered as a more simple and 
clear proof of what (ris, J) does not admit a minimal metric. 

In Table [H each Lie algebra defines an abelian complex nilmanifold given 
by Jen) and is such that the canonical inner product on defines 

a minimal compatible metric of scalar curvature equal to |. In the column 
we give the norm squared of stratum associated to the minimal metric 
and in Derivation column we give the derivation of (M^,/I) such that 

mg[^(Jl) - -||/3|pld+ Derivation 

In the last column, we give the dimension of automorphism group of the 
abelian complex nilmanifold. 
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Not. 


Critical point 


Derivation 




dim 
Aut 


ni 


[ei,e2] = 


|Diag(3,3,5,5,6,6) 


5 


10 


n2(±) 


^ 1 

[61,62] = ±366, [63,64] = 


Diag(l,l,l,l,2,2) 


9 

A 


9 


Ms) 


[61,62] = 2^5, 

[63,64] = iV(''^' + ir'e5 


Diag(l,l,l,l,2,2) 


3 
2 


7 




[6l,62] = iV(l + *')"'e5, 

[61,64] = |V(l + t2)-ie6, 

[62,63] = -|V(l+*')~'e6, 

[63,64] = -W(l + *')"'e5. 


Diag(l,l,l,l,2,2) 


3 
2 


8 










7 




[61,62] = -^65, [61,66] = ^64, 
[62,65] = -V^4 


iDiag(l,l,3,3,2,2) 


7 
6 


5 


nrit) 


[61,62] = -^64, 
[^2'^3] = #^66, 


iDiag(l,l,2,2,3,3) 


7 
6 


6 



Table 1. Classification of minimal compatible metrics on 
6-dimensional abelian complex nilmanifold 



4.2. Symplectic two-step nilpotent Lie algebra. Here, we denote by 
rrisp the moment map corresponding to the action of the symplectic group 
Gujcn - Sp(3,M) on V, and we have 

cit^cn = {Diag(-xi,-2;2,-X3,X3,X2,xi) : Xi e R}} 

Example 4.6. Consider the free 2-step nilpotent Lie algebra of rank 3; riig := 
[61,62] = 64, [61,63] = 65, [62,63] = 66. By [ KGM] Theorem 5], riis carries 
two curves of non-equivalent symplectic structures, namely ti;i(s) and uj2{t) 
(with s e M \ {0, 1} and t e M \ {0}), and a isolated symplectic structure W3. 
In this example we want to prove that every pair (riigjWj) admits a minimal 
compatible metric. 

We take the case of the first curve 

uji{s) - el A eg + S62 A 65 + (s - 1)63 A 64, with s e M \ {0, 1} 

and let g - Diag(l, l,l,s-l,s,l). The change of basis given by g defines a 
symplectomorphism from (ni8,(^i(s)) to (R^ , fj,s,(^cn) with 

IJ-s = [61,62] = (s- 1)64, [61,63] = S65, [62,63] = 66 
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It is obvious that (M^, /i.^, ct-'crt) is written in a Ucn-T^^ce basis, because 

^cn(M.) = {^Diag(-l, -1,-1, 1,1,1)} 

and that from this (ni8,c<;i(s)) admits a minimal compatible metric which 
can be found by solving the equation 

msp(a-Hs) = ^Diag(-1, -1,-1, 1,1,1) 

for a€exp(oc^^„). 

Let a = exp(X) with 

X=^ Diag(ln(4 - 4 s + 4) , 0, 0, 0, 0, - ln(4 - 4 s 4)) . 
The change of basis given by a defines the curve 

P^s •= [ei, 62] = 1 ( s-l)^J(s^ - s + 1)"^ 64, [61,63] = is>/(s237+l)^e5, 

[62,63] = 5\/(s2-s+l)"^66 
and it is a solution of the above equation, since 

mgiiiTs) = 2(s-^-s+l) I^iag(-2s2+2s-l, -8^+2 s-2, -(s^+l), (s - if , s\ 1), 
and thus 

mspifis) = l{mQi{frs) + J-mgi{frs).J) 

= iDiag(-l,-l,-l,l,l,l) 

= -|ld + Diag(l,l , l,2,2,2) ; 

Derivation 

The canonical inner product of MP defines a minimal compatible metric on 

(M^,//5, Wen)- 

Now, consider the case of 

UJ2[t) = 6]^ A 65 + tCi A eg - A 65 + 62 A Cg - Ztc^ A 64. 

We need that the canonical inner product defines a compatible metric, so 
we can try to do a change of basis of the form 

5 = Diag^mi,i,m2,2,m3,3,m4,4,^ ^^^^ ^^^^ jj 

and to solve g-u^it) = Ucn for {mi,i, 7713,2, m3,3,'7i4,4, "15,5,7715,6, m6,5,m6,6}- 
The solution to this equation is given by 

|mi,i = 7771,1, 7772,2 = ^712,2,^3,3 = ?773,3, "^4,4 = 

"^5.5 = ~ (t^+l)m2,2 ' "^^'6 ^ (t^+l)mi,i'''^6,5 = (t^+l)m2,2 ' "^^,6 = (t^+i)mi,i } ' 
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hence, we can take the particular solution defined by mi^i = m2,2 - "1-3,3 - 1; 
which defines symplectomorphism from (ni8,a;2(t)) to (U.^ , ^t,^cn) with 

IJ't = [61,62] = -2te4, [61,63] = -tes + 66, [62,63] = 65 + tee 

The set 9^(^^„(/it) is given by 

^a.e„(/^) = {Diag(-l,0,-i,i,0,l),Diag(0,-l,-i,i,l,0), 
iDiag(-l,-l,-l,l,l,l)} 

and a straightforward verification shows that (R^ , fit,^cn) is written in a 
Wen-nice basis. 

Like above, the Theorem 13.51 states that (ni8,cj2(i)) admits a minimal 
compatible metric and proceeding in a way similar, we find that Jit '■- a - ^ 
with 

a = Diag(l, 1,2^3^2 + 1, — ^ 1, 1) 

2\/3t2 + 1 

is such that the canonical inner product of defines a minimal compatible 
metric on (M^ ,fLf,^cn) for any t e R \ {0}. 
In the last case, 

UJ^ := 63 A 65 - 61 A 6e + 62 A 65 + 263 A 64 

we can now proceed analogously like above. We leave it to the reader to 
verify that the following change of basis give a minimal compatible metric 
with (ni8,W3): 

. - D.a.(-1,(; 7).l). 

a Diag(2^/3,l,l,l,l,^). 

b 

Proceeding in an entirely analogous way, we can study the remainder 
symplectic two-step Lie algebras given in [KGMl Theorem 5. 24] and to 
obtain 

Theorem 4.7. All symplectic two-step Lie algebras of dimension 6 admit a 
minimal compatible metric. 

Remark 4.8. We must say that we have found several mistakes in the clas- 
sification given in |KGMj . For instance, 16. (b) does not define a symplectic 
structure. Some errors have already been corrected by personal communi- 
cation with authors; as the symplectic structure given in 23. (c). 

In the Table El each Lie algebra defines a symplectic two-step Lie algebra 
given by {M.^ , ji^ujcn) where 

Wen - 61 A eg + 62 A 65 + 63 A 64, 

and is such that the canonical inner product on defines a minimal metric 
of scalar curvature equal to \. In the column we give the norm squared 
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of the stratum associated to the minimal metric and in Derivation column, 
we give the derivation of such that 

"isp6(R)(/") = -||/3||^Id+Derivation. 

In the last column, We give the dimension of automorphism group of the 
symplectic two-step Lie algebra (M^,/I, Wcn)- 



Not. 


Critical point 



Derivation 




dim 

A nf 

-TlUIi 


16.(1) 


[61,62] = ^63, [61,65] = Y^6, 
[62,64] = ^66, [64,65] = ^63 


iDiag(l,2,3, 1,2,3) 


1 


6 


1 7 


[61,63] = #65, [61,64] = ^66, 
[62,63] = ^66. 


- Diap-r^ fi 8 Q 1 1 "I 

g *^o\ ' ' ' ' ' / 


7 

6 


7 


18.(1) 


[61,62] = i(s-l)^(s2-S+l)-l64, 
[61,63] = isV'(s^-S + l)"^65, 

[62,63] = ^y/{s^ - s + iy^ee. 


Diag(l,l,l,2,2,2) 


3 
2 


8 


18.(2) 


[61,62] = -tV(3i^ + l)-^64, 

[61,63] = -|t V(3i2 + i)-ie5 + i V(3i2 + l)-i66, 

[62,63] = ^ V(3i' + 1)~'65 + ^t^{3t^ + ly^ee 


Diag(l,l,l,2,2,2) 


3 
2 


8 


18.(3) 


[61,62] = ^64- ^65, [61,63] = ^64-^65, 

[62,63] = -^66. 


Diag(l,l,l,2,2,2) 


3 
2 


10 


23.(1) 


[61,62] = ^65, [61,63] = ^66 


iDiag(4,5,6,8,9,10) 


7 


9 


23.(2) 


[61,62] = -^64, [62,63] = ^66 


Diag(l,l,l,2,2,2) 




8 


23.(3) 


[6l,62] = ^65, [61,63] = -264 


Diag(l,l,l,2,2,2) 


2 


8 


24.(1) 


[61,64] = -566, [62,63] = ^65 


iDiag(l,l, 2,2,3,3) 


1 


6 


24.(2) 


[61,64] = 2^6, [62,63] = -^65 


|Diag(l, 1,2,2,3,3) 


1 


6 


25. 


/ 

[61,62] = ^66 


iDiag(3,4,5,5,6,7) 


5 
2 


12 



Table 2. Classification of minimal compatible metrics on 



symplectic two-step Lie algebras of dimension 6 



Remark 4.9. The above minimal metrics define soliton solutions to the 
Street-Tian symplectic curvature flow, which was recently introduced in 
|ST) . To be more precise, following Vezzoni |Vez| . in |Poo] has been noted that, 
in two-step nilpotent Lie groups, the symplectic curvature flow reduces to 
the anti- complexified Ricci flow, which was given by Hong Van Le and Guo- 
fang Wang in [LeWj . Given that the invariant Ricci tensor ric^.^ coin- 
cides with the anti- complexified Ricci tensor ric"'^.^ (see |LauH Equation 
(23)]), the affirmation follows from [Lault Proposition 2.7]. 
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